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Abstract. A recurrence formula for obtaining matrix elements of products of powers of
exp(—vr) and 1 —exp(—vr) is derived. The matrix elements are calculated in the base of
eigenfunctions of the Hamiltonian for the effective potential —A exp(—vr)/[1 —exp(~vr)]+
wexp(—vr)/[1 —exp(—w)]z, where A, v and u are positive constants. This potential can
be considered as a generalisation of a potential suggested by Hylleraas and Risberg and
by Hulthén. In the limit of the parameter v tending to zero the recurrence formula is
transformed into a recurrence formula given by Badawi et al for matrix elements of powers
of r for the hydrogen atom.

1. Introduction

The usefulness of exactly solvable models of atomic potentials has been pointed out
by, for example, Lindhard and Winther (1971). In a previous paper by this author
{(Myhrman 1980) the radial Schrodinger equation
w o d 11+ 1)h*
—— +————}u=Eu, 1
( 2m dr’ vin 2mr’ )u “ (1)

where we use standard notations, has been solved when the effective potential is

I+DR® A pe’  A-pu m

Ve =V + r - vr + vr .
wr) = Vi e -1 (17 e -1 (" -1)

2)

The potential has the proper general characteristics for a diatomic molecule potential
function, as pointed out by Manning and Rosen (1933). The matrix elements derived
in this paper can thus be used in calculating rotation-vibration intensities in diatomic

molecules. The constants involved must of course in this case be given an appropriate
interpretation.

In this paper we let V(r) represent an attractive screened Coulomb potential,
which tends to Ze?/r as v » 0, and choose

A =vZe® (3a)
w=vI{+1Dh*/2m (3b)

where Ze is the charge of the nucleon. For physical reasons we choose the constants
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264 U Myhrman

v and [ such that » >0 and /=0, which, according to (34, #), implies that A >0 and
w =0,

A more detailed investigation of the effective potential (2) is made by Myhrman
(1980). We should only point out here that, according to (3a, b), a change of the
value of / implies a change of the physical potential V (r).

Introducing the new constants

a=2mE/Wv? (4a)

b=2m0 —u)/h*v’ (4b)
and the new variable

z=vr, (5)

the radial Schrédinger equation (1) with VO + 11+ 1A% 2mr? given by (2) can, by

means of (3b), (4a, b) and (5), be written
d’u b I+ 1))
—+{la+—————=)u=0. 6
dz° <“ e -1 (e -1" ©)

For [ =0 this equation is simplified into equation (5.4) given by Hylleraas and Risberg
(1941) and equation (6) given by Hulthén (1942).

For the bound state problem the energy E <0, which according to (4a) implies
that v—a is a real parameter. This parameter shall be chosen to be positive. Imposing
the boundary conditions

u(0)y=0 (7a)
u(r)y-0 r-oo (76)

and normalising « according to

Jmlulzdr=1, (8)
0
we get the normalised solutions of (6) as
W—al+k +V-a)TQRI+1+k)TQI+1+k +2V=ap\'* 1
(+k)T(k)T(k +2vV=a) ) r(21+2)
xe Tl —e Y U (—(k=1), 20+ 1+ k+2vV=a; 20 +2;1—¢7F)  (9)

U1 = (Z/

where k is a positive integer fulfilling the inequality

O<k<[b+lI+D]*-1 (10)
and where the conditions

Re(2v=a)>0 (11a)
and

Re(2/+2)>0 (115)

have to be fulfilled in order to make the integral in (8) convergent. The energy

eigenvalues are obtained as
hzvz(b+l(l+1)_k_l>
8m k+1

2
E=-

(12)
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where k is a positive integer fulfilling (10). A detailed derivation of the normalised
eigenfunctions and the energy eigenvalues is given by Myhrman (1980).

Specialising (9), (10) and (12) to /=0, we obtain formulae given by Hulthén
(1942, § 1). Inserting (34, b) and (44, b) into (12), letting the parameter » - 0, putting
Z =1 and noting that k +/ = n is the principal quantum number, we get the energy
eigenvalues for the hydrogen atom.

2. Definition and calculation of the matrix elements .# k“‘f{,k:_l

Assuming that

Re(A +V—a,+vV—a.)>0 (13a)
and

Re(B+2{+3)>0, (1354)

A and B being integers, we define the matrix elements of products of the Ath power

of e”"" and the Bth power of 1 —e™"" as

[s o

JI?LBLH=<uk-1|(e_”)A(1—e_'")Blukr-1>=I uf 1€ A=) U1 dr. (14)

0

In order to obtain a recurrence formula for matrix elements .,ll’,;‘;Bl,k‘_l we shall
use the factorisation method (Infeld 1941, Infeld and Hull 1951). Introducing the
new independent variable

¢ = In[tanh(z/4)] (15)
and putting

U1 =[(4/aov) sinh(z/2)1"*G s 12102 (16)
where

ao=h>/me’ (17

is the Bohr radius, we can, if we use (4a) and (12), write the differential equation (6)
as

dGroirp, 1 [1_<b+1(1+1)
de? sinh® ¢ L4 k+1
—(14+3)Gis1-1/2=0. (18)

2
) —(k +l)2+2[b +l(l+1)] cosh {] Gk+(#1/2

This equation can be factorised as

(_b+l(l+1) 1
k+[ sinh¢
><(_b+l(1+1) .1

k+! sinh¢

+(k+1—%)coth;—d%)

d
+(k +1-3%) coth £+d_§> Gisi-1/2

=[(k +1 =5~ U +5*Grs1-12 (19a)
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and as

b+I(I+1) 1 1 _d_)

( P Sinh{+(k+l+2)C0th{+d{

>((_b+l(l+1) 1

+(k +l+%) coth §~i> Grai-12

k+! sinh¢ d¢
=[(k +1+3)* =+ 1Gis1-1)2. (195)
We now define the operators H; according to
. b+I(l+1) 1 d )
T=- - +tcoth{F— 20
H ( k+1! sinh¢ reoth ¢ d¢ 20)

where k is a fixed parameter and ¢ is a parameter which can take on different
values differing from each other by an arbitrary integer. Let then
oo G2, G-y, Gy Gy, Giiy . . . be a sequence of real functions fulfilling the relations

H; G =[(t—1-)+I+H]1"*G,_, (21a)
and

H{ G =[(t~1-Ht+I+9]"?G, (21b)
for an arbitrary value of the index ¢. From (21a, b) it follows that

HH;G,=[t*~(+3G, (22a)
and from (21a, b) with ¢ replaced by ¢ + 1 it follows that

H  H A Go=[(t+1)" = ([ +2)°]G.. (22b)

In order that the definition of G, be consistent, the functions G, have to fulfil (22a, b)
for any possible value of ¢. Inserting the definition (20) into (224a) and the correspond-
ing definition of H}, into (225), we get

b+ 1 Cdy\/_b+lU+]) 1 d
( K+l smhg teothé dg)( K+ sinh§+tC0th{+d()G'
=[*-(1+3)’]G, (23a)
and
b+I(I+1) 1 d
( K+ sinh{+<t+l)00th§+d{>
p+Il+1) 1 d
x(— Py Sinh§+(t+1)coth§—d—é;>G,
=[(t+ 1= (1 +3)*]G. (235)

Comparing (194, b) and (234, b) we realise immediately that G, is a solution of (18)
whent=k +/-3.

The necessary condition for G, to be quadratically integrable is (cf p 25 in Infeld
and Hull (1951))

t—1—3=0v=integer=0. (24)
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For ¢ = [+ we obtain from (20) and (21a) the differential equation

(_b+l(1+1) 1

d
+ (I +3) coth 4u—)G+ =0, 25
k+1 smng Ut eoth it )G 25)

the general solution of which is

b+I(l+1)

_ _ _ -1 _{\l+1/2 _
Gi.1/2=N[1—exp(—4 tanh™ ¢°)] exp[ 2( Py

1 —%) tanh™* ei] (26)

where N is an arbitrary constant factor. Assuming that

bHIU+1) )
Re(——————k+l >0 (27a)
and

Re(2/+1)>0, (27b)

we obtain from (26)

F(b ”(”1)—1)

JO (G 2d¢ =NTQRI+1) k+l 28)
. l+1/2) g_ ( b+l(l+1) . (
r ———+1+1>
k+1
Using (21a, b) we can easily show that
0 0
J (Gl+1/2+v)2 d§=J‘ (Gz+1/2)2 d¢ (29)

where v is an arbitrary positive integer. Let us choose v =k —1. The left-hand side
of (29) can then also be expressed in the functions u. Using (5), (15) and (16), we get

0 2
dol

J_w(Gk+l—1/z)2d§= > (L ”k—lmuk—ldr'—J‘O uk—l'l—:_eiﬁuk—ld’)- (30)

Since the function u,_; is normalised according to (8), (30) can be written

I_Om (Grioia)” dé = aozvz(<(1—i‘"’)2>‘<1 =) 31

Inserting formuiae (4a) and (12) and formulae (47') and (50') of Myhrman (1980),
namely

(1-e™Y H=U+k+V—a)/+k) (32a)
(1-—e)YH=(+k+V=a)@l+1+2V=a)/(+k)2] +1), (32b)

into (31), we obtain

. oo (éﬂlil—)%w)(ﬂ(—lf—l—)—k—l)

i k+1 k+1
Lo (Giewmi2)? dg == k+DR2I+1)

(33)
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Equations (28), (29) and (33) then give us

b+1(l+1) ) b+1(I+1) > b+1(I+1) > /2
—_— kT ——+14+1
- aovz( K+ +k+l( PR r( k+1
4 b+l(l+1)_l>
k+1

N=(-1)

(k +1)r(21+2)r(
(34)

From (26) and (34) the function Gi.1,, is now completely determined.
The general matrix elements of (e™*)*(1—e™")® are defined by (14). For fixed k
and k' we also define

2 0 (T - —vr +
JV:é?: 2J Giii2+0 (€ )A 1(1“6 )B 2G1+1/2+u' d¢ (35)

AoV

which for the special choice v =k —1 and v’ =k’ —1 gives
Nli\;?,k’—l =J‘?'—Ii,k'—1- (36)

In order to get explicit expressions for an arbitrary matrix element we have to
calculate ' 252 for v =0’ =0, i.e.

2 ? —vr - —ur +
/‘/’(’)A,bB=Vz J Giiip2(e V)A 1(1—6 )B 2Gz+1/2d{- (37)

ao

In order to make the integral in (37) convergent we assume

L 1gp+ld+Y) b+1(1+1>>]
Re[A / 1+2< S >0 (38a)
and

Re(B +2/+3)>0. (385)

From equation (37) with (26) and (34) inserted we then get
N = (1)

b +lU+1) )b+l(l+1)_ _)(b+l(l+1) , >b+l(l+1)_ .
( Py +k+l( Pl | et ”‘”( PR 1)

(k+D(k'+1)

1/2
F<w_+_[+1> F<w+[+ 1>

e+l pY
b0+ 1) b+l + D)
F( k+1 _I>F< k'+1 —1) ,
[b+1(1+ 1))k +k'+21)
) r(21+3+B)F( T T l—1+A> -
b+ 10+ Ik & <2]) :
2r(21+2)r( T +1+2+A+B)
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If we now choose kK =k'=1 in (39) we get the matrix element

1 +ld+1
F(21+3+B)F<w~—)+1+2>1"(w~1—1+A>
Ve I+1 I+1
0,0 —
r(21+3>r(w—1— 1) F(w+l+2+A +B)
[+1 I+1
(40)
or in another notation
P TQRI+3+B)T(2I+3+2V—-a)[(A+2V-a)) 1)

TQ2I+3)T2V—a ) T2I+3+A+B+2V—a,)

where v—a, is defined by (4a) and (12) with k =1 inserted.
Returning to formula (35) we find by means of (21a, 5) that for v >0

2 R
N:.\&I'B:a s[v(21+v +1)] l/hl[ (Hiv1/2-:G1-1/2+0)

oV —

x (&) 1—e B G iy jaer ¢

4]
[v<21+v+1)]‘”2j GroryreeH oo ((e)A

aoV2
X (1= G ry/200) A (42)

since the operators H.,1,., are mutual adjoint. The following relations can easily
be shown:

Hie [ (1—e™)P 7]
= [(e—ur)A—l(l _ e~w)B+2]

X[—(A-De"*(1—e ™)+ (B+2) e *+Hi1 200 ] (43a)
and
_ o, B b+l(l+1)_b+l(1+1)) 1 _
Hivip=( v') coth ¢ ( &+ K+ Sinhg+H¢+1/2+u'- (435)

Using (15) and (434, b) we get
Hl_+1/2+u[(e‘w)A‘l(1 _evw)3+2]

~le A = e (e L —e ) [—A “B-1+}v—v)

1b+II+1) b+I(I+1
_( ( )_ ( )>jl+(e_w)_1/2(B +2+U,—U)+Hl_+1/2+v’}-

2 k+1 k'+1
(44)
Inserting (44) into (42), we obtain
NP =lvQ@l+v+ 1)]"”2{[v‘(21+v’+1)]”2N£‘;’i",ur‘1 +(B+2+v — o)W 2P
Lb+1U+1) b+IU+1) ams
+-A-B-1-}u -0 +—( - )] A~1/28 1}_
[ A PEwE ] R

(45)
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If we let » » 0 in the recurrence formula (45) we get exactly the same expression as
was found by Badawi et al (1973) for the hydrogen atom.

The recurrence formula (45) and its counterpart, obtained by formally interchang-
ing k, v and k', v', are, together with formulae (36) and (39), all that is necessary for
calculating any matrix element (14),
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